
Problem: Calculate 

i) Probability 

ii) Mean 

iii) Variance 

iv) Mgf 

Soln: 

Develop a mathematical construct of the problem 

Approximate the mathematical construct with any of the following: 

1) Standard Normal (Z-distribution: Table) 

2) Chi-square (Table) 

3) t- Statistics (Tables) 

///////////////////////////////////////////////// 

Gamma Distribution: Definition and properties, probability 

distribution, mean, variance, moment generating function, cumulant 

generating function, additive property and limiting case. Examples and 

applications based on the distribution. 

Gamma Function 

If for any positive real number (∝), a function f(x) is said to follow 

gamma function, if:  

𝛤(∝) = ∫ 𝑥∝−1𝑒−𝑥𝑑𝑥,
∞

0

    𝑓𝑜𝑟 ∝> 0 

The following figure shows the gamma function for a positive real 

number (∝): 

 

 



Properties of gamma function: 

 

 

The most important property is however, 

𝛤(n) = (n-1)!, for n= 1,2,3,……………………… 

 

Gamma Distribution 

𝐴 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑟. 𝑣  𝑋 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 ℎ𝑎𝑣𝑒 𝑎 𝑔𝑎𝑚𝑚𝑎 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝛼

> 0 𝑎𝑛𝑑 λ > 0,   𝑠ℎ𝑜𝑤𝑛 𝑎𝑠 𝑋 ∽ 𝛤(𝛼, λ), 𝑖𝑓 𝑖𝑡𝑠 𝑝𝑑𝑓 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦: 
 

𝑓(𝑥) =  
λ∝𝑥∝−1𝑒− λ𝑥

𝛤(𝛼)
; 𝑤ℎ𝑒𝑛 𝑥 > 0 

           = 0, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 

If we let, ∝= 1, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛: 

𝑓(𝑥) =   λ𝑒−λ𝑥, 𝑤ℎ𝑒𝑛 𝑥 > 0 

= 0,   𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 

 

 



Show that  𝛤(1, λ) =  λ! 

Ans: we know 

𝑓(𝑥) =  
λ∝𝑥∝−1𝑒− λ𝑥

𝛤(𝛼)
; 𝑤ℎ𝑒𝑛 𝑥 > 0 

           = 0, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

Now, we have  

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑣𝑎𝑙𝑢𝑒𝑠: 𝛼 = 1, λ 

So, 

𝑓(𝑥) =  
λ 𝑒− λ𝑥

𝛤(1)
; 𝑤ℎ𝑒𝑛 𝑥 > 0 

           = 0, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 𝑓(𝑥) =   λ𝑒−λ𝑥, 𝑤ℎ𝑒𝑛 𝑥 > 0 

                                                         = 𝛤( λ + 1) =  λ! 

 

The “Probability Curve” of gamma distribution: 

 

 

 



Problem 1: 

 

Ans. 

∫
λ∝𝑥∝−1𝑒− λ𝑥

𝛤(𝛼)
 𝑑𝑥

∞

0

  

= λ∝ ∫
𝑥∝−1𝑒− λ𝑥

𝛤(𝛼)
 𝑑𝑥

∞

0

=  λ∝. {
𝛤(𝛼)

𝜆𝛼𝛤(𝛼)
} = 1 

We know,  

 

 

Moment Generating Function (mgf) of Gamma Distribution 

We know, for a pdf (f(x)), the r-th ‘Moment Generating Function (mgf) 

is defined as: 

𝑚𝑟(𝑥) =  𝐸(𝑒𝑟𝑥) 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟′ ′𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑖𝑠 𝑒𝑥𝑝𝑒𝑐𝑡𝑎𝑡𝑖𝑜𝑛 𝑒𝑥𝑖𝑠𝑡𝑠. 

 

In case of gamma distribution: 

𝐿𝑒𝑡 𝑋~𝛤(∝, 𝛽)𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼, 𝛽 > 0; 𝑡ℎ𝑒 𝑚𝑔𝑓 𝑜𝑓 𝑋 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦: 

𝒎𝒓(𝒙) = (1 −
𝑟

𝛽
)

−𝛼

, 𝑤ℎ𝑒𝑛 𝑟 < 𝛽 

                  ∶ 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 , 𝑤ℎ𝑒𝑛 𝑟 ≥ 𝛽 

 

𝐿𝑒𝑡 𝑋~𝛤(∝, 𝛽)𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼, 𝛽

> 0; 𝑡ℎ𝑒 𝑀′ 𝑒𝑎𝑛′𝑎𝑛𝑑 𝑉′ 𝑎𝑟𝑖𝑎𝑛𝑐𝑒′𝑜𝑓 𝑋 𝑖𝑠 𝑔𝑖𝑣𝑒𝑏 𝑏𝑦: 

 



𝑴𝒆𝒂𝒏: 𝐸[𝑥] =∝ 𝛽 

 

𝑽𝒂𝒓𝒊𝒂𝒏𝒄𝒆: 𝑉(𝑥) = 𝐸(𝑥2) − {𝐸(𝑥)}2 = 𝛼𝛽2 

 


