Problem: Calculate
i) Probability
ii) Mean
iii) Variance
iv)  Mgf

Soln:

Develop a mathematical construct of the problem

Approximate the mathematical construct with any of the following:
1) Standard Normal (Z-distribution: Table)
2) Chi-square (Table)
3) t- Statistics (Tables)
i

Gamma Distribution:  Definition and properties, probability
distribution, mean, variance, moment generating function, cumulant
generating function, additive property and limiting case. Examples and
applications based on the distribution.

Gamma Function

If for any positive real number («x), a function f(x) is said to follow

gamma function, if:

(ee)

() =j x*te™*dx, for x>0
0

The following figure shows the gamma function for a positive real

number («):




Properties of gamma function:

For any positive real number

1 DMa) = [i7 2% e dz;
r
2, OW 2 le ™My = iij . for A = O

3 Ma+1) = al'(a);

The most important property is however,
r'n)=M-1)!, forn=1,2,3,.cceeeceereereenenne

Gamma Distribution

A continuous r.v X is said to have a gamma distribution with parameters «a

>0and A >0, shownas X -~ I'(a,0),if its pdf is given by:

A& x &1 Ax
r'(a)

=0, Otherwise

f(x) =

iwhenx >0

If we let, «x= 1, we obtain:

f(x) = Ae ™, whenx >0

= (0, Otherwise



Show that I'(1,A) = Al

Ans: we know

)\ocxoc—le—lx
I'(a)

=0, Otherwise

f(x) =

iwhenx >0

Now, we have
Parameters values: a = 1,A
So,
o= Mx
INGY
=0, Otherwise
fx) = Ae ™ whenx >0
=TI(A+1)= Al

A
f&) =

swhenx >0

The “Probability Curve” of gamma distribution:
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Problem 1:

Using the properties of the gamma function, show that the gamma PDF integrates to 1, i.e,

show that for o, A = 0, we have
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Ans.
ovocxoc—le—Ax
dx

Jo I'(a)

_}\“J“’x“‘le‘)‘x dr = 3 ra) | 1

M) T TN er@f T
We know,

2. Pz e dy = Ha) for X > 0;

}\Q‘ ’

Moment Generating Function (mgf) of Gamma Distribution
We know, for a pdf (f(x)), the r-th ‘Moment Generating Function (mgf)
is defined as:

m,(x) = E(e"™)

for all 'r'such that this expectation exists.

In case of gamma distribution:

Let X~I'(cx, B)for some a,f > 0; the mgf of X is given by:

m,.(x) = <1 —%>_a,whenr <p

: does not exist ,whenr = f8

Let X~I'(x, B)for some a, 8
> 0;the 'Mean'and 'Variance'of X is giveb by:



Mean: E[x] =x 8

Variance:V(x) = E(x?) — {E(x)}* = ap?



